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By G. E. Kuzmak 

In t h i s  paper t he re  is  considered t h e  equation 

2 
d y  + a(-c)y - b(Z)? = 0 (T = E t )  (0.1) 
a t 2  

f requent ly  encountered i n  various technica l  problems. 
study i s  t o  determine t h e  first term of t h e  asymptotic expansion of t h e  
so lu t ion  f o r  small  E .  An analogous problem w a s  considered i n  references 
1 and 2. 

The object  of t h e  

The method here  applied consis ts  i n  expressing the so lu t ion  of t h i s  
equation i n  t e rm of t h e  so lu t ion  of a c e r t a i n  analogous equation ("stand- 
ard equation").  This method of "standard equations" has been worked out 
i n  t h e  case of l i n e a r  equations ( r e f s .  3 and 4); however, it apparently 
has not bzen applied t o  nonlinear equations. 

I n  t h e  case under consideration, t h e r e  has been chosen as "standard" 
t h e  equation f o r  t h e  e l l i p t i c  s i n e  (see eq. (1.7)), which d i f f e r s  from 
(0.1) only i n  t h a t  t h e  slowly varying coef f ic ien t  appearing i n  it is 
replaced by a const ant magnitude. 

1. Computation of t h e  f i rs t  term of t h e  asymptotic expansion. - I n  
order t o  f i n d  t h e  asymptotic expansion of t h e  so lu t ion  of equation (O.l), 
it i s  f irst  necessary t o  represent  the  dependence of t h e  so lu t ion  on t h e  
t i m e  and a small parameter. 

I n  t h i s  case, i f  t h e  coef f ic ien ts  a and b m e  constant,  t h e  so- 
l u t i o n  of equation (0.1) i s  t h e  f inc t ion  
Y a r e  c e r t a i n  constants.  

A sn(cPt,v), where A, c p ,  and 

I n  t h e  case of slowly varying coef f ic ien ts ,  t h e  so lu t ion  w i l l  b e  
some funct ion close t o  t h e  e l l i p t i c  s ine function, but with a va r i ab le  

*"Asimptoticheskoe reshenie  odnogo nelineinogo d i f fe ren ts ia l 'nogo 
uravneniya vtorogo poryadka." Prikladnaya matematika i mekhanika, vo l .  21, 
no. 2, 1957, pp. 262-271. 
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amplitude, frequency, and modulus. 
can be represented i n  t h e  form1 

Hence, i n  t h i s  case t h e  so lu t ion  

y = A(T)sn[T('t)cu, .(.)I + O (  e)  ( 0 )  = Jq(z)dt)  (1.1) 

Examination of  (1.1) shows t h a t  t h e  so lu t ion  depends on t h e  v a r i -  
ables  T and LU, t h e  der iva t ives  of which h / d t  = e and &/dt = ~ p ( ' l ; )  
a r e  magnitudes of d i f fe ren t  order  with respect  t o  e. 

M 
Set t ing  y = Y(T,LU, e), we s h a l l  seek y as a funct ion of t h e  two 

var iab les  T and LU. Equation (0.1) assumes t h e  form 

2 .  
E . We s h a l l  seek t h e  so lu t ion  with an accuracy up t o  terms of order 

Subs t i tu t ing  t h i s  expression i n  equation (1 .2) ,  we obtain 

I 
w 
tp 
CY 

2 I n  order t o  s a t i s f y  t h i s  equation with an accuracy up t o  t , it 
i s  su f f i c i en t  t o  r equ i r e  t h a t  t h e  functions 
f y  t h e  equations 

yo('c,c~) and y l ( ~ , U )  s a t i s -  



I 

To f ind t h e  so lu t ion  of t h e  f i r s t  equation of t h i s  system, w e  put 

yo = A(~)sn[T(T)w,v(T)l = A(z)sn u, u = T ( ~ ) U  (1.5) 

From (1.5) w e  have 

Subs t i tu t ing  these  formulas i n  the  equation f o r  yo(z,o)), w e  obtain 

2 a sn + a ( T ) A  sn u - b(T)A3sn3u = 0 au2 AT 0 

Replacing i n  t h i s  equation a2sn u / h 2  with t h e  a id  of t h e  f o l -  
lowing equation ( r e f .  5 )  

w e  have 

[-T2q2(1 + Y )  + a(=)] + sn2u[T2q22v - b ( z ) A 2  1 = 0 

I n  order t o  s a t i s f y  t h i s  r e l a t ion ,  l e t  us put 

The addi t iona l  two r e l a t i o n s  for determining ~ ( z ) ,  T(T), A ( T ) ,  and 
V ( T )  w e  obtain from t h e  condition of the  per iodic i ty  of t h e  f i n c t i o n  
yl(z,w) w i t h  respect  t o  a. 

t e r m s  t h a t  we neglected i n  (1.3) t o  5 e  
0 5 t 5 To/&. 

As w i l l  be shown i n  sec t ion  2, t h i s  condition i s  s u f f i c i e n t  for t h e  
O(e2)  on t h e  t i m e  i n t e r v a l  

We proceed fu r the r  t o  t h e  determination of  t h e  funct ion yl(T,w). 

From (1 .6)  we have 

where t h e  prime denotes d i f f e ren t i a t ion  with respect  t o  z . We note  t h a t  



4 

Using r e l a t i o n s  ( 1 . 9 )  and (l.lO), w e  rewr i te  t h e  equation f o r  
y1(7,w) i n  t h e  form 

where 

(1.10) 

(1.11) 

(1.12) 

L e t  us f ind  t h e  so lu t ion  of the homogeneous equation. Di f fe ren t ia -  
t i n g  for t h i s  purpose t h e  first equation of t h e  system (1.4), 

whence it i s  seen t h a t  t h e  f'unction 

(1.13) 

is  t h e  required function. 

I n  order t o  write out t h e  expression for t h e  funct ion yl(~, u) ,  

w e  put 

(1.14) 

Subs t i tu t ing  t h i s  expression i n  equation (l.ll), a f t e r  severa l  
t r a n s  f ormat ions w e  obtain 

odu 

Replacing F(T, u )  with t h e  a id  of (1 .12 ) ,  we obtain 

E(T, U )  = - 1 2 9 ( A T ) '  + (P'AT J~ + ZA(lnT)' J2 I 2Av' j3 { (P2T2 cpT (PT (a  sn ./aU)2 
(1.15) 
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. 

(1.16) 

W e  f u r t h e r  compute t h e  derivative of t h e  e l l i p t i c  s i n e  with respect  
t o  t h e  modulus. 
( ref .  5) f o r  

For t h i s  purpose we make use of t h e  known r e l a t i o n s  

Dif fe ren t ia t ing  it with respect t o  v ,  

The obtained r e l a t i o n  i s  a l inear  d i f f e r e n t i a l  equation of t h e  f irst  
order with respect  t o  t h e  f'unction dsn u/av. Solving it, we  have 

(1.18) 

I n  order t o  write out t h e  conditions of per iodici ty ,  w e  transform 
t h e  i n t e g r a l s  J 2  and Jg i n  such manner as t o  represent them i n  t h e  
form of a sum of i n t e g r a l s  of posi t ive functions 

Mzking use of (1.18) f o r  asn u/hv and in tegra t ing  by par t s ,  we 
reduce t h e  expression f o r  J3, t o  t h e  form 
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I n  these formulas ( see  r e f .  5 )  

(1 .21)  
a sn u T =  c n u  d n u  

Subst i tut ing formulas (1.19)  and (1.20) i n  t h e  expression f o r  
E ( z ,  u ) ,  we have 

1 

( 1 . 2 2 )  
U 

1 [ I n  du A2(PT l u c n 2 u  dn2udu - / sn2u cn2udu] 1 
0 cn2u dn2u 

From t h i s  it follows t h a t  if t h e  functions d In  T/dv and 
d I n  A2cpT/dv s a t i s f y  t h e  conditions 

+2K( v )  
d I n  A2 T cn2u dn2udu dv du, d v  

sn2u cn2udu 

(1 .23 )  

then t h e  following r e l a t i o n  holds 2 

E (T, U )  = E(T, u + ~ K ( u ) )  

K ( v )  i s  t h e  complete e l l i p t i c  i n t e g r a l  of t h e  f irst  kind. 

(1.24) 

where 

I n  v i r t u e  of t h e  per iodic i ty  of t h e  f'unctions under t h e  i n t e g r a l  
s igns i n  (1.23) and t h e i r  symmetry with respect  t o  t h e  point 
w e  have 

u = K(v),  

M 
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d In dv A2@ - _ -  2 l fv '  s n k  cn2udu/f(' dn2u cn2udu 

Eu 
dc 
M 

w I 

(1.25) 

Introducing t h e  new var iab le  of in tegra t ion  ( = sn u and using 
t h e  following formulas (ref. 5 )  

it is not d i f f i c u l t  t o  transform these r e l a t i o n s  t o  t h e  form 

d I n T  1 dK(v)  d In  A ~ W T  - 1 dL(v) 'Lo dv _ -  
dv dv = ~ ~ d v  ? (1.26) 

Whence, evidently,  

From (1 .22)  w e  have E(T, u)  = -E(T, -u), whence 

(1.28)  

From t h e  pe r iod ic i ty  o f  E(%, u) (see (1.24)), it follows t h a t  

E(T, u)dU = E(T, u)du 

Consideration of these  r e l a t ions  m d  formuia (1.14) permits t h e  
conclusion t h a t  y1(7, u )  = y1(7, u + 4K(v)). 
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K ( v )  [- -[' cn2K( v)cu2dn2K( v)w2aW2 I cn2K( Y )oldn2K( v )cul 

(1.30) 

I n  these notat ions,  on account of (1.5), (1.14), and ( 1 . 2 2 ) ,  t h e  
formulas f o r   yo(^, w)  and yl(z, 03) assume t h e  form 

Y&, 4 = A h )  S C V ( d ,  4, Y1(?;, 4 = P ( d  G[v (4, 4 (1.31) 

I n  order  t o  determine yo(z,  03) and yl('c, cu) as  funct ions of t, 
it i s  necessary i n  formulas (1.31) t o  rep lace  'I; and LO with t h e  a id  
of t h e  r e l a t ions  

7 = e t ,  0) = J(p(7)dt 

2 .  Theorems on estimates. - Lemma 1: Let 

If t h e  functions m(w)  and n(cu) a r e  bounded f o r  w > 0 so  t h a t  I m(w) 15 M and 1 n(w)l 5 N,  then f o r  y(w) and a y / h  for w - 0, t h e  
following estimates hold: 
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The proof can eas i ly  be  conducted with t h e  a id  of t h e  method of suc- 
cessive approximations. 

Lemma 2: Let  

1 - Q 2 s v s l  

where q is an a r b i t r a r i l y  s m a l l  number 
number. 

N 
rH 

Then f o r  -- < w < =, t h e  following I +  
w 

(2.2) 2 - q  

and Q an a r b i t r a r i l y  l a rge  

estimates hold: 

To prove t h i s  we note first of  a l l  t h a t  f o r  condition (2.2)  it f o l -  
lows from t h e  de f in i t i on  ( 1 . 2 7 )  o f  the functions K ( v )  and L ( v )  t h a t  

I n  v i r t u e  of t h e  f a c t  t h a t ,  f o r  t h e  values v and o considered, 
t h e  funct ions 
the re  follows from the  known formulas 

sn  K(v)co,  cn K(v)w, dn K ( V ) L D  assume only r e a l  values,  

sn2K(v)w + cn2K(v )w = 1, dn2K(v)w + vsn2K(v)w = 1 

Using these  inequa l i t i e s  we obtain ( see  (1.21) and (1.29)) 



10 

We s h a l l  now prove inequal i t ies  (2 .3 )  f o r  values o f  os contained 
i n  t h e  i n t e r v a l  0 1  0 5  4. From ( 1 . 7 )  we have 

Different ia t ing t h i s  equqtion and t h e  i n i t i a l  conditions twice w i t h  
respect  t o  V, we obtain 

am(v w) -e 

where 

m(v, w) = K 2 ( v ) [ ( l  + v )  - 6vS2(v, a)] 

I n  v i r t u e  of inequal i t ies  ( 2 . 4 )  and (2.5), i n  equation (2.6) t h e  
coeff ic ients ,  t h e  r i g h t  s ide ,  and t h e  i n i t i a l  conditions a r e  bounded. 
Hence, with t h e  a i d  of l e m a  1 it i s  possible  t o  specify constants 
Cv(q,Q) and c , , ~ ( ~ , Q )  such t h a t  f o r  0 5 I 4 

Further, on account of t h e  inequal i t ies  (2.4), (2.5), and (2.8), i n  
equation ( 2 . 7 )  t h e  coeff ic ients ,  t h e  r i g h t  s ide ,  and t h e  i n i t i a l  conditions 
are bounded. Hence, a l so  with t h e  a id  of l e m a  1, it i s  possible  t o  spec- 
i f y  constants C v Y v ( q , Q ) ,  and Cv,y,o(qyQ) such t h a t  f o r  0 5 w I 4 

M 
w 
tP 
N 

I 



I .  
I -  

ll 

Further,  from formulas (1.4) and (1.31), w e  have 

Di f f e ren t i a t ing  these  relat iol ls  twice with 

=O 
-0 

respec t  t o  v y  we obtain 

J 
(2.11) 

I n  v i r t u e  of i nequa l i t i e s  (2.4), ( 2 . 5 ) ,  ( 2 . 8 ) ,  and ( 2 . 9 )  f o r  t h e  
funct ion 
funct ion 
t h e  equations (2.10) 

S ( v , w )  and i ts  der iva t ives  w e  can, as before,  es t imate  t h e  
G(v,o)  and i t s  der iva t ives ,  applying successively lemma 1 and 

(2.11) , and ( 2.12). 

Thus, t h e  inequa l i t i e s  ( 2 . 3 )  have been proved f o r  a f i n i t e  i n t e r -  
I n  order t o  e s t ab l i sh  them f o r  v a l  of v a r i a t i o n  of (I). --.. <(I) < =, we 
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note t h a t  the functions G(U,U) have a period with respect  
t o  w not depending on u aad equal t o  4 (see (1.29)). I n  v i r t u e  of 
t h i s ,  a l l  der ivat ives  of these functions with respect  t o  v and CD axe 
likewise periodic with respect t o  (u with t h e  same period. ( I n  order 
t o  convince oneself of t h i s  it i s  s u f f i c i e n t  t o  d i f f e r e n t i a t e  t h e  equa- 
t i o n s  S(u,cu) = S(v,cu + 4), G(u,w) = G(v,cu + 4) the required number of 
times w i t h  respect t o  v and (u.) Hence the estimates es tabl ished f o r  
0 5 cu <, 4 Thus the lemma has been proven. 

S(v,w) and 

are  v a l i d  f o r  -00 < w < C O .  

Let u s  f u r t h e r  formulate the conditions t h a t  mus t  be imposed on P 
a(7) and b(~) i n  order t h a t  t h e  terms t h a t  we neglect i n  equation (1.3) tb w 

N 
should be of the order c 2  i n  the t i m e  i n t e r v a l  0 < - t 5 To/&. 

Theorem I: If t h e  functions a(%) and b('r) a r e  such t h a t  the func- 
t i o n s  
(1.8) and (1 .28)  such t h a t  f o r  

v ( T ) ,  A(T) ,  and T(T) are  determined from the system of equations 
0 < - t 5 To/& : 

v(T ) ,  cp(z), A(T) ,  and (1) The functions p ( ~ )  are  bounded together 
with t h e i r  first and second der ivat ives  j 

(2)  1 - Q2 5 V ( T )  < 1 - q2, then the  function 
0 - -  < t < To/€ 

y*(t)  = y o ( t )  + & y l ( t )  
f o r  satisfies equation (0.1) with an accuracy up t o  terms 
o(e 2).  

To prove t h i s  we must show t h a t  the  function A( t )  (see (1.3)) i s  
bounded f o r  0 5 t 2 To/&. 

Prom the  conditions of our theorem an3 lemma 2 it follows t h a t  a l l  
t h e  magnitudes enter ing formulas (2.13) are  bounded f o r  
Turning t o  the  expression for 
d i f f i c u l t  t o  compute a number P such t h a t  f o r  0 <, t ~ T O / E  

0 5 t <, To/€. 
A ( t )  ( see  (1.3)), we see t h a t  it i s  not 

( A ( t ) l  5 p (2.14) 
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. 

. 

. 

From inequal i ty  (2.14) i n  v i r tue  of equation (1.3) the as se r t ion  of 
our theorem follows. 

The above-proven theorem permits us  t o  surmise t h a t  t he  functions 

(2.15) 

are respect ively the  pr inc ipa l  terms of t he  asymptotic expazlsions of t he  
so lu t ion  of equation (0.1) and of i t s  der ivat ive.  

I n  order t o  prove t h i s ,  we set 

Subs t i tu t ing  this  expression i n  (1.2) and using equations (1.4), we 
obtain 

(2.17) 

where 

2 2 2  @ ( t , Y )  = -salt)  + (a - 3by0 - ~ 6 b y ~ l  - 3byle )Y - [ 
(&3by0 + E23byl)Y2 - &'by3] 

From inequal i ty  (2.14) we have the r e s u l t  t h a t  f o r  0 5 t <, To/& 

I @  (t ,O)l I eP (2.18) 

L e t  u s  denote by W a ce r t a in  posi t ive number. For the conditions 
of theorem I the  functions y o ( t )  and y l ( t )  are bounded. Hence, i f  w e  
consider the  funct ion @ ( t , Y )  for  

PI < w  (2.19) 

then for 
d i t i o n  with respect  t o  Y: 

0 5; t 5 To/& the  function @ ( t , y )  satisfies the  Lipshi tz  con- 
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We formulate the  theorem. 

Theorem 11: If t h e  conditions of theorem I are s a t i s f i e d ,  then for 

the  following inequal i t ies  hold: 

To prove t h i s  we rewri te  equation (2.17) i n  the  form 

and apply t o  it the  method of successive approximations: 

(2.21) 

Estimating the  functions Y ( o ) ,  [Y(n+l) - Y(n)]  with the  a i d  Of in -  
equal i t i es  (2.18)  and (2.20) , we obtain 

These estimates a r e  v a l i d  f o r  the  condition t h a t  (t) I does 

t h i s  condition w i l l  always be s a t i s f i e d .  
not exceed W. Below we determine a number T ( E )  5 TO/€ such t h a t  f o r  
0 5 t 5 T(&) and 
The function 

0 2 e 5 &o 
Y ( t )  can be represented i n  t h e  form 

(2.23) 

Applying inequal i t ies  (2.22) f o r  0 <, t 5 T ( E )  and 0 E F c o ,  we obtain 

Iy(t)l 5 e E ( e 4  t - 1) (2.24) 
L 
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We now determine  the number T(E).  I n  v i r t u e  of the e q u a t i o n  

n=O 

we have lY("+')(t)l 5 r(P/L[exp(& t 

for 0 < t T(E)  and 0 5 E 5 eo will n o t  exceed W, We t h u s  have 

Hence if we deter i n e  the 
number T(E) such tha t  E(P/L)[exp( - 11 = W, then lYTn+')(t)( 

- (u 
.jl 
N3 

w I 

W e  choose the number s u c h  t h a t  

Then, e v i d e n t l y  T(E)  <, TO/& for 0 <, E 

L From (2.21) we have 

Using i n e q u a l i t i e s  (2.18) , 
0 5 E < cO, we o b t a i n  - 

(2.25) 

(2.20), and (2.24) for 0 < - -  t < T(E) and 

r t  

(2.26) 

F r o m  (2.16) we have 

(2.27) 
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I n  v i r tue  of the  conditions of t h e  proven theorem, lemma 2, and in-  

0 - -  < e < &o. 
equa l i t i e s  (2.24) and (2.26))  the  funct ions i n  brackets  on the  r i g h t  
s ides  of equations (2.27) are bounded f o r  
Se t t i ng  

0 5 t 5 T ( e )  and 

H = m a x  [ pG(v ,a) + Y ( t ) ]  

from formulas (2 .27)  we obtain the  inequa l i t i e s  

v a l i d  f o r  0 5 t ~ T ( E )  and 0 <, e <, E O .  Thus t he  theorem has been proved. 

3. Invest igat ion of the  formulas f o r  the  funct ions 
@(d. - Let 
the  form 

U ( T ) ,  A ( T ) ,  and 
$(z) = K(v(~))~(z)j then the system (1.8) and (1.28) assumes 

q2(--c)(1 + ~ ( 7 ) )  = a(.), q 2 ( . ) 2 v ( ~ )  = b ( % ) A  2 (T)) ~ ( ' c ) A ~ ( - T ) L ( v ( T ) )  = B 

(3.1) 

where B i s  a constant.  The funct ion L(v)(see (1.27)) can be expressed 
i n  terms of e l l i p t i c  i n t eg ra l s  ( r e f .  5) 

1 + v)E(v)  - (1 - Y ) K ( v )  
3v L ( v )  = ( 

From t h e  f irst ,  t h i r d ,  and then second equations of (3.1) succes- 
s ive l y  we have 

We dwell on the  case where the  equation (0.1) i s  l i nea r  and a(.) > 0. 
Assuming i n  formulas ( 3 . 2 )  b(~) 3 0, we obtain 

1 
v(.> = 0, *,(d 2 = a ( d ,  = & m (3.3) 
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Formulas (3.3) agree with the  formulas obtained i n  reference 4. 
Using (3.3), the  first two formulas of (3.2) can be wr i t t en  i n  t h e  form 

where the subscr ipt  I denotes the  magnitudes r e fe r r ed  t o  the  l i n e a r  
equation. 

These formulas make it eas i e r  t o  see the  p a r t  played by t h e  non- 
l i n e a r  t e r m  i n  equation (0.1). 

Let  u s  consider the  case where a(%) > 0, b(z) ,> 0. The system 
described by equation (0.1) may now l o s e  s t a b i l i t y .  
occur at the  moment when 

This evident ly  can 
a(7) = b(T)A2(z). 

From t h e  first two equations of the system (3.1) it follows t h a t  i n  
Making u s e  of t h i s  f a c t  w e  obtain *om t h e  last of t h i s  case V ( T )  = 1. 

equations (3.2) t h e  condition of s t a b i l i t y  

Since t h e  constant B i s  determined by t h e  i n i t i a l  conditions 
€3 = B(Yt,O’ (dy/dt)t=O), we can, with t h e  a id  of condition (3.5) f o r  t h e  
given t i m e  segment [0, t 1, determine i n  the  phase plane a region u 
such t h a t  f o r  t = 0 the  point  represented i s  within u; then for 
0 <,t <-tl t h e  system does not lose  its s t a b i l i t y .  The region u evi-  
dent ly  is determined by t h e  inequal i ty  

1 

I n  order  t o  compare t h e  s t a b i l i t y  conditions obtafned by us  with t h e  
s t a b i l i t y  condition obtained from t h e  quas i - s t a t i c  consideration of equa- 
t i o n  ( O . l ) ,  l e t  u s  analyze t h e  case 

where f o r  s impl ic i ty  we assume t h a t  
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For the analysis  we make use of formulas (2.15).  Subs t i tu t ing  i n  
them t 

d t  + coo = K(v (7)) (3.9) 

we rewri te  them i n  the  form L 7 

(3.10) 

Se t t ing  i n  them 

Since 

t = 0, we obta in  coo = 1, A ( 0 )  = a. 

b(0) = 0,  the  second and t h i r d  formulas of (3.2) f o r  t = 0 
give 

v(0)  = 0, B(u) = A2(0)dm L(0) = 2 ndm a' 
B(a) i n  condition (3.6) and using ( 3 . 8 ) ,  we obta in  Subs t i tu t ing  

(3.11) 

The s t a b i l i t y  condition obtained from the quas i - s t a t i c  considerat ion 
of equation (0.1) has the  following form: 

From the  f a c t  that  the  mul t ip l i e r  on the  r i g h t  s ide  of t he  inequal i ty  
(3.11) 

it follows t h a t  a system t h a t  is s t a b l e  from the  quas i - s t a t i c  point  of 
view may ac tua l ly  t u r n  out t o  be unstable.  

I n  concluding, t he  author wishes t o  express h i s  thanks t o  A. A. 
Dorodnitsyn for the  formulation of t he  problem and the  kind a t t en t ion  
tha t  he gave t o  i t .  
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